object). The chaotic saddle can form only in the presence of two unstable periodic orbits and it appears immediately after the two saddles coexist. We conjecture that the heteroclinic connection is the source of observed mixed-mode chaos.
To illustrate the topological ideas of global mixed-mode chaos, we consider the scaled equations for a single-mode periodically modulated class-B laser 3, 10, 13]:
x 0 = ?y ? x(a + by); y 0 = (1 + y)(x ? cos(!t)); (1) where x is the population inversion, y the intensity, the dissipation parameter, a and b are related to the pump, and and ! are the forcing amplitude and frequency 15]. For < 1:57 the system exhibits small-amplitude period-1 SA-P(1) based chaos; the small-amplitude oscillations in Fig. 1 are transient vestiges of the P(1)-chaos. Coexisting with the SA-P(1) chaos basin is a large-amplitude period-2 LA-P(2) orbit. (The SA-P(1) basin and LA-P(2) basins are shown by the light and dark gray regions of Fig. 3 respectively.) At = 1:57 the system asymptotes to a large-amplitude period-4 orbit in the LA-P(2) basin after displaying the bursting transients shown in Fig. 1 . The bursts are P(2) based, while the small amplitude chaos is P(1) based. Since the spectrum contains two dominant frequency components, the transient is a global mixed-mode chaotic transient. For higher , attracting chaos develops in the LA-P(2) basin. This is followed by global mixed-mode chaos where the chaotic trajectory visits both regions of phase space previously de ned by the separated basins and has P(1) and P(2) dominant spectral components.
Bi-instability onset is seen by following the approach of Schwartz and Erneux (S & E) 13] to construct a map describing the pulsating solutions. While S & E 13] considered the conservative laser, our map will include the e ects of dissipation when 6 = 0. Newell et al. 14] have also used the matched asymptotics approach to derive a map for the two-frequency modulation of a ber laser that included the e ects of dissipation. However, their map did not allow for easy analytical investigation and was used for numerical simulation only. As the details of the map construction have been discussed in both 13, 14] , we show only the result (details will be presented in a future publication): t n+1 = t n ? 2x n ? 2 3 x 2 n ;
x n+1 = x n + 2 3 x 2 n + 2 cos(!t n+1 ); (2b) where = (a ? b). The variables t n and x n specify the time (t n ) where the population x reaches its minimum x n ; Hence t n+1 ? t n corresponds to the period of the oscillations. Fixed-point solutions to (2) occur when x n and the di erence t n+1 ? t n is constant. Primary saddle and node solutions are single loop orbits of the form x n+1 = x n = x f and t n+1 ? t n = P(m), P(m) = 2 m=!, m = 1; 2; 3; : : :. With these conditions and substituting into (2a) we obtain 2 3 x 2 f + 2x f + P(m) = 0: Real values of x f require that P(m) 3 2 ; thus, dissipation limits the maximum period of subharmonic solutions. Of the two solutions for x f one is singular as ! 0 but does not appear until = O(1= ). We will focus on the regular solution that in the limit ! 0 reduces to the result of S & E 13]:
A second existence condition comes from (2b) where we use that j cos(!t f )j 1; this requires 3 x 2 f 1.
Equation (3) is substituted for x f to obtain a relationship between the forcing and the period of the subharmonic orbit given by
where SN de nes the primary saddle-node bifurcation (PSNB) point. A similar condition was derived by Schwartz in 10] but here we are able to specify the condition explicitly in terms of the physical parameters.
For a single value of x f there are two possible values of t f di erentiated by sin(!t f ) > 0 (< 0).
Linear stability shows that these correspond to the saddle and node solutions, respectively. The linear stability of these solutions can be examined by substituting x n = x f + X n , t n = t f + nP(m) + T n into (2) and considering X n and T n small. The P(m)-node solution is found to undergo a ip bifurcation, corresponding to period-doubling bifurcation in (1), when
The resulting period-doubled (PD) solutions are de ned as x n+2 = x n , t n+2 ? t n = P(m). Eqn. (4) and (5), shown in Fig. 2 , provide a template for understanding the organization of the PSNB and PD bifurcations; the map results agree qualitatively with numerical bifurcation diagram of (1) Based on the bifurcation analysis in Fig. 2 , we examine the dynamics before and after the onset of bi-instability. We de ne = bi = 1:275 as that value corresponding to point (c), the \PD-bifurcation of the P(1)-node solution". For < bi the P(2)-saddle is the only unstable orbit. For > bi there is the addition of the P(1)-ip saddle. The coexistence of the P(2)-regular saddle and the P(1)-ip saddle determines a region of bi-instability.
In Fig. 3 we examine the bi-instability just after onset when = 1:3. The dark gray region corresponds to the basin of attraction for the LA-P(2)-node orbit. The light gray region corresponds to the SA-P(2)-PD orbit produced by the ip bifurcation at = bi . In addition to the basins of attraction, a picture of a chaotic saddle was computed using the saddle-straddle procedure described in 12]. It is observed that points on the chaotic saddle asymptote to the SA-P(2)-ip saddle. This means that the stable manifold of the SA-P(2)-ip saddle is contained in the chaotic saddle.
Before showing which manifolds are explicitly involved in the creation of the chaotic saddle, we remark that for values of < bi , the basins of attraction for the P(2)-node and P(1)-node orbits look similar to that of Fig. 3 , but with one major di erence. Even though the situation is bistable, there are no chaotic saddles or unstable objects which can produce any crossings of manifolds. We reiterate that bistability alone cannot be responsible for the appearance of any chaotic dynamics. Fig. 4 and Fig. 5 are period-2 Poincare maps that show the manifolds of the saddle orbits before and after = bi . The LA-P(2)-saddle and its image after one period are overlayed with the arrows. From Figs. 3-5 , we see that the stable manifolds of the LA-P(2)-saddle de ne the basin boundary.
Speci cally, in Fig. 4 for < bi the left unstable manifold of the LA-P(2)-saddle spirals to the stable LA-P(2)-node (similarly for the \images"). The right unstable manifold spirals in a complicated way to the stable SA-P(1)-node. Fig. 5 shows the situation when > bi (after the PD-bifurcation) . The two new + marks in the center show the new SA-P(2)-PD orbit and it's image resulting from the PD-bifurcation of the SA-P(1)-node. The new manifold is the stable-manifold of the new SA-P(1)-ip saddle. A heteroclinic connection is formed by the intersection of this stable manifold with the unstable manifold of the LA-P(2)-saddle. The intersection points of these manifolds determine the chaotic saddle shown by the white points in Fig. 3 .
As the forcing is increased, the dynamics become much more complicated; Fig. 6 shows the manifolds for = 1:57 The LA-P(2)-saddle is the same. However, now the SA-P(1)-ip saddle and its unstable manifold are depicted (contrast to Fig. 5 where the the SA-P(2)-PD orbit and SA-P(1)-ip saddle's stable manifold are depicted).
The square highlights a homoclinic intersection of the LA-P(2)-saddle's stable and unstable manifold; similar intersections exist but are not shown for the SA-P(1)-ip saddle. Thus, homoclinic intersections in uence the dynamics local to any P(m)-node orbit and its subsequent period-doubled orbits. However, the global dynamics are controlled by heteroclinic interactions. The circle highlights the reverse-heteroclinic connection of the SA-P(1)-ip saddle's unstable manifold with the LA-P(2)-saddle's stable manifold. This corresponds to the injection of trajectories into the LA-P(2) basin. The bursting seen in the discrete time-series of Fig. 1 results from the reverse-heteroclinic intersection.
We now summarize the sequence of bifurcations and connections. A forward-heteroclinic intersection forms immediately at the onset of bi-instability, = bi , between a period-2 regular saddle and a period-1 ip saddle. The forward heteroclinic intersection is responsible for a chaotic saddle resulting in complex transient phenomena in the SA-P(1) basin of attraction. For a larger value of the forcing, a reverse-heteroclinic intersection is created. This again leads to complex transient phenomena as the trajectory is injected into the LA-P(2) basin. For = 1:57 the bursting transient eventually decays to a period-4 orbit created by a PD bifurcation of the LA-P(2)-node. As is increased a period-doubling route to chaos develops due to homoclinic intersections within this basin. As the chaotic attractor grows there is an internal crisis such that some trajectories are injected back into the SA-P(1) basin. This leads to sustained bursting as the preexisting reverse-heteroclinic connection sends trajectories back out of the SA-P(1) basin. The basins are now connected such that a spectral analysis of the resulting chaos has two dominant centers based on the original SA-P(1) and LA-P(2) saddles.
Localized chaos (restricted in phase space) develops in both the SA-P(1) basin and the LA-P(2) basin due to homoclinic intersections. However, global mixed-mode chaos such that the dynamics visits regions of phase space previously delineated by these basins results from the existence of two saddles or bi-instability. The reverse-heteroclinic intersection corresponds to a crisis event that sends the dynamics into the LA-P(2) regime. As the LA-P(2) based chaotic attractor grows in collides with the original LA-P(2) saddle; this crisis event sends trajectories back to the original SA-P(1) regime 11] directed by the forward-heteroclinic connection. The resulting highly mixed dynamics is what we referred to as global-chaos and as described in the introduction such dynamics is seen both in numerics and experiments in a variety of applications.
The analysis done was in the neighborhood of a PD bifuraction point. This suggests that the chaotic saddle may be observed in a pre-chaotic parameter range experimentally by observing the transient dynamics in a region near a PD operating point.
Finally, (2) is useful to understand the organization of the SN-and PD-bifurcations and will be explored further in a later report. The well-known Ikeda 
